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J. Phys. A: Math. Gen. 25 (1992) 3609-3613. Printed in the U K  

Running wave solutions of the two-dimensional 
sine-Gordon equation 

N Martinov and N Vitanov 
Faculty of Physics, University of Sofia, blvd A lvanov 5, Sofia 1126, Bulgaria 

Abstract. After the Lamb substitution the ZD sine-Gordon equation was solved. Three 
classes o f  solutions for this equation were found. Ad hoc the 2~ sine-Gordon equation 
was reduced to an algebraic system consisting of three equations. n e  solutiom given of  
the 2D sine-Gordon equation are a generalization of the Solutions of the I D  sineGordon 
equation. They are also a generalization of the solutions of the equation 4,.+4., = 
sin 4 k v ) .  

The I D  sine-Gordon equation 

&x - A, =sin $4, I) 
is well known. Now the importance of this equation is due to its physical applications 
[I]  and to the fact that it has soliton solutions 121. 

In this paper the ZD sine-Gordon equation 

&x + & - +,, = sin W, Y,  I )  (1) 

is studied. It may be regarded as describing solitary waves in a 2~ Josephson junction. 
A method for solving of equation (1) is presented. 

As a result of the Lamb substitution [3] 

$(X,Y, f )=4tan- ' [M(x,y3 t)l (2) 

(3) 

the mathematical form of the 2~ sine-Gordon equation is as follows: 

( 1  + M 2 ) ( M x x  + M,,y - M,,) - 2 M [ ( M , r ) 2 +  ( M , ) 2 ] =  M(1- M 2 ) .  

If 

M ( x ,  Y ,  0 = T,(X)T2(Y. 

( 1  + T:T:)( T27lX.* + 7, T,,, - 7, T,,,) 

(4) 

then the result is 

- ~ T , ~ ~ z [ ( T , ~ ) ~ T : +  T ; ( T ~ J -  7:(72021 
= 7, 7.( 1 - T;T:). ( 5 )  

The nature of the functions T1(x) and T,(y, I )  is studied. After elementary algebraic 
operations the mathematical form of equation ( 5 )  is as follows: 

T:[T:T*,,, - T:T,,, - 2 (  T2,)2TZ+ 2T2(T2,)2+ 711 

+ T,[ 72" - Tm - 7 2 1 +  d x ,  Y ,  t )  = 0. ( 6 )  
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Here the function p ( x , y ,  1 )  is 
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P ( X , Y .  o =  T,,T,+ T,..T:T:-~(T~.)~T,T: 

The form of p(x, y,  t )  Compatible with (6) is 

P ( X ,  Y, t ) =  TiF(T,)+ C G ( T 2 )  

F ( T ~ ) = P T ~ + ~ T :  

C( T2) = rT,+ sT:. 

Here p ,  q, r, s are parameters. If (8) is substituted into (7)  the result is 

(7) 

Equations ( 1 1 )  and (12) are compatible only when s = -p .  They can be reduced to the 
equation 

( T,,)2 = f r T : + p T :  -44. ( 1 3 )  

Here p ,  q, r are arbitrary parameters and the conclusion is that T, is an elliptic function. 
The function T J y ,  t )  is also studied. If (9) is substituted into (8) the result is 

p(x, y ,  t )  = T,(pT,+ qT:)+ T:(rT2+ sT:). (14a) 

But s = - p  and then 

AX, Y, t )  = T, (PT ,+~T: )+  TXrT2-pT:) 

If (146) is substituted into (6) the final result is 

T:[ T2,T: - T,,,T: - 2( T2."I2T2 + Z (  T2,I2T2 + ( 1  - P) E+ rTzl 

+TIIT,,,,- T2,,+(p-l)T2+qT:I=0. (15) 

The consistency of this system is ensured if T2(y, t )  is such that 

T,,,T:- T, , ,T:-~( T ~ , . ) ~ T ~ + z (  T2,)2T2+(i -p )T:+  rT,=O 

TZYV - T2,, + ( p  - I )  T2+ qT: = 0. 

(16a) 

(166) 

This system of equations is equivalent to the system 

Z (  r2,)2 -2( T,,)' -2(1 - p )  T$+ qT: - r = o 
4 T2yT2v.v - 4 T,,.T2,, - 4( 1 - p )  T2?T2 + 4qT2,.T: = 0. 

(17) 

( 1 8 )  

If,we differentiate equation (17)  with respect to y and then subtract the result from 
equation (18) the result will he 

T2gT21r = T2,Tw. (19) 

The solution of the equation 

Tx = SaTzv S = * l  
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is also the solution of equation (19 ) .  9 is an  arbitrary constant. The solution of equation 
(20) is 

T,(Y, t )  = T,(Y + 

u = y + 8 6 1  (‘2’23 

(21) 

that is, T,(y, I )  is a running wave. If 

is substituted into (17)  the result is 

( ~ ~ 6 ~ -  I ) (  T2”)’= $ q T : - ( l  -p)T:-fr. 

The conclusion is that T2(u) is an elliptic function. 
r .̂ 
L C L  

T I ( x ) = A i f ( a x ;  ki) (24a)  

T Z ( D ) = A ~ ~ ( P V ;  k,)  (24b) 

where A , ,  A,, a, p are parameters and f and g are Jacobi elliptic functions. Their 
opneritinn eniiatinnc __l are as fo!!ows: 

( f ’ ) 2 = a , f 4 + b l f 2 + c ,  (250) 

(g’)’ = a2g4+ b,g2 + c2 (25b)  

where a , ,  a2 ,  b , ,  b,, e , ,  c2 are parameters and the prime denotes differentiation by 
the corresponding variable ( a x  or pu). Let y = p 9  and A = A , A , .  After the substitution 
of relations (24) and ( 2 5 )  into (13 )  and (23 )  and after comparing the parameters p ,  q, 
r from the resulting equations, the following three relations can be found: 

a 2 b l  - ( S 2 y 2 - P 2 ) b 2  = 1 (260)  

a 2 a l  +(S2y2-p2)A2c2=0 (26b)  

(S’y’-p’)a,+ a’A’c, = 0. ( 2 6 ~ )  

The form of the solution of the 2~ sineGordon equation in this case is 

4 =4tan-’[Af(ax; k , ) g ( p y + S y t ;  k , ) ] .  (27)  

The coefficients a , ,  b , ,  e , ,  a , ,  b , ,  c, depend on the concrete elliptic functions f 
ana g. Tine coeficienrs a , ,  b , ,  c ,  depend on ihe value of ihe eilipiic iniegrai moduie 
k , :  a, = a , ( k , ) ;  b ,  = b , ( k , ) ;  e ,  = c , ( k , ) .  The coefficients a, ,  b,, e, depend on the value 
of the elliptic integral module k,:  a2=  a,(k,);  b,= b,(k,) ;  c 2 =  c,(k,) .  So the solution 
of the 2~ sine-Gordon equation depends on seven constants A, a, p, 8, y, k , ,  k ,  among 
which the three relations (26)  exist. As S = + I  or S = - 1  the solution depends on three 
free parameters. The relations (26) are characteristic relations for the solution (27) of 
mc 2” sine-uuruuIi cquarrurr. 

After the substitution p = O  the characteristic relations (26 )  and the solution (27)  
are reduced to the corresponding solution and relations of the I D  sine-Gordon equation. 

If  y = 0 then the solution (27 )  and the relations (26)  are reduced to the corresponding 
solution and relations of the equation 

(28) 

.L. _ _  .:~~. e._ A... :-.. 

& + & = sin +(x. Y 1. 
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Equation (28)  is studied in connection with the ZD whirl models in statistical 
mechanics [4]. 

Three classes of solutions of the 2D sine-Gordon equation exist: 
(i) Class A: S 2 y 2 - f l 2 > 0 .  In this case if y 2 = S 2 y 2 - p 2  then the characteristic 

N Marfinou and N Vifanou 

relations (26) are reduced to the relations 

a2b,--gy2b2= 1 

a2a ,+y2A2c2=0 

y2a,+a2A2c, = O .  ( 2 9 ~ )  

The relations (29) are similar to the relations of the I D  sine-Gordon equation. In such 
a case this class of solutions of the ZD sine-Gordon equation is a generalization of the 
solutions of the I D  sine-Gordon equation. 

(ii) Class B: S 2 y 2 - p 2 < 0 .  In this case if p 2 = - ( S 2 y 2 - p 2 )  thenthe characteristic 
relations (26) are reduced to the relations 

a2b,  +pb, = 1 (300) 

a 2 a ! - ~ A * c 2 = 0  ( 3 0 6 )  

- /Pa2+a2A2c1=0.  ( 3 0 ~ )  

The relations (30) are similar to the relations of equation (28). In such a case this class 
of solutions of the 2~ sine-Gordon equation is a generalization of the solutions of 
equation (28). 

(iii) CInrs Cr , 2 + - _ 0 2 = 0 ;  Then the form ofthe system of equations (26) is 

a2b ,  = 1 (31a) 

a ,=O (316) 

c , = o  ( 3 1 ~ )  

and the solution of equation (254)  is as follows: f (x )  =exp(Sx), S = 1 or S = -1. The 
function f is an exponential function. In this case a2, b, and c, are arbitrary parameters 
and then the function g is an arbitrary Jacobi elliptic function. In such a case the form 
of the solution of the ZD sine-Gordon equation is 

4 =4tan-'{Aexp(Sx)g[Sy(yif);  kJ1. (32)  

Solution class C is generalized as follows: the function g is not only an arbitrary Jacobi 
elliptic function. I n  general the function g is an arbitrary function. I n  this case 
T,(x)=exp(Sx) and T,(y, f )=Ag[Sy(yf f ) ] ;  T,(x)obeysequation(13). I f r=O, q = O .  
p = l  then T,(x)=exp(Sx). T,(y, t )  obeys the systeh of equations (17) and (18). If 
r = 0, q = 0, p = 1 then the form of the system is 

(T. L . 1 1 . 1  \ ' - (T.  \ " I ,  \ ' = Q  

r2, - T~, ,  = 0. 

(334)  

( 3 3 6 )  

It is at once apparent that the function T2(y, I )  = Ag[Sy(y f f ) ]  when g is an arbitrary 
function is a solution of equations (33).  Solution class C of the 2u sineGordon equation 
was found [ 5 ] .  
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A method for solving the ZD sine-Gordon equation is presented in this paper. The 
solutions found describe the phase difference between the wavefunctions of the elec- 
trons in the superconductors of the Josephson junction, These solutions can describe 
the electric and magnetic fields in the permittivity layer of the junction. If appropriate 
boundary conditions are applied, solitons can exist in the permittivity layer. A detailed 
description of the classes of solutions of equation (1) will be presented in future papers. 
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